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INTRODUCTION TO A PROVISIONAL MATHEMATICAL
DEFINITION OF COULOMB BRANCHES OF 3-DIMENSIONAL N = 4
GAUGE THEORIES
HIRAKU NAKAJIMA
 . SnÖ¬o[Nak16, BFN16a]gÐ1U_3!CN = 4þð'²ü¸Ön
¯üíón«jpf©k¢YegB
This is an introduction to a provisional mathematical definition of Coulomb branches
of 3-dimensional N = 4 supersymmetric gauge theories, studied in [Nak16, BFN16a].
1.  ·ó×ì¯Æ£Ã¯ØSh	bÏP
G !¤hWM]n·ó×ì¯Æ£Ã¯jhþhYYjaMoC
n·ó×
ì¯Æ£Ã¯bdÙ¯ÈëzgBGo·ó×ì¯Æ£Ã¯bÝcfÚbk\(W
fD
CoulombMC ≡ MC(G,M)oÖikJQ4nÏPÖnvkÕ_ØQ
fzU_(G,M)K¢Õ¡¤ó ·ó×ì¯Æ£Ã¯ØS1\ì·ÔgB
(G,M) MC(G,M)
\¹oS~gåfDãpØSnH¹nö¹FzIhoKj
ÛrLpj~Z§°C[MC ]~UfhþÖgOÛâí¸ü¤h]n

nMH¹Õg\]Wf]nïÛ°n¹Ú¯ÈéàhWfMC]n~
Ufj'ê¿yhDFKÕÖ
Bhg¬YFkMCo T ∗T∨/WhÌ	gB
MC ≈ T ∗T∨/W = t× T∨/W
SSgT∨oGnu'Èüé¹TnÌþÈüé¹gBWoï¤ë¤gBT ∗T∨oT∨nco-
tangent bundlegtoTnêü°gB ykMCnÌ	^ohþMkoXWjD

g ÊW_FkÛâí¸ü¤h]n
nM(Df°\ì·Ôo~Uf
hþÖgoOfM_hþÖnvLîgBK]Sgo^ïÛ°
ËYnLngB CoulombkJDf]nËÕKMCn	bÏP
A~LBk\SSg	bÏPhoC[~]
g©U_^ïÛ° A~ gBc
fA~/~A~LMCn§° C[MC ] kIWOPoisson ì'
{f, g} = f˜ g˜ − g˜f˜
~
∣∣∣∣∣
~=0
, f˜ |~=0 = f, g˜|~=0 = g
1 ,koyp¹dØBeauvillnsg·ó×ì¯Æ£Ã¯jyp¹WK_jDhUfD
L<oHfDjD
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2 H. NAKAJIMA
L·ó×ì¯Æ£Ã¯Ë Kenk ôWfDnDFSÏPU
_Coulombhv
/ÔcfHphþÖgvUfM_^ïÛ°oïÛ°n	bhWff
DnLDWKWM(DfïÛ°°WOûqkËWFhDFzóoÊ
Þnvgfþ_n`hXWfD
 nÖ[Nak16]go ,nMHfD_LC[MC ]nÙ¯ÈëzhWfnËk
hi~Mn©oBhn[BFN16a]gH_]nkM = N⊕N∗hDFbgBh
îW_SnîoSjnjnKWOo,êjnjnKo~`KjD
LigoSnî_UjDCoulombßUfJijaöL_UfD
p©LgMnKnY0LUfDjJM = N ⊕N∗îY!Àå
MgoMC(G,N)hDF÷FL÷qnJ]ojDh
(G,M) kþWf¢Õ¡¤ó ·ó×ì¯Æ£Ã¯ØSHOå_ì·ÔL
B]o·ó×ì¯Æ£Ã¯F
M//G = µ−1(0)/G
gBigoHiggshpCoulombkþÜWfMH ≡ MH(G,M)gBY

ngµ : M → LieG∗oKÕÏÏgBµ−1(0)Gg(~Uf	Öns
g)rcfgMFzLµ−1(0)/GgB
M = N⊕N∗hjcfDhMkoNn
nÂpn®\( nhSnjY^ï
Û°D(N)LMn	bÏPkj(~eko!pkÕ£ë¿ük¢WfReesã
p\) ·ó×ì¯Æ£Ã¯FhØkD(N)nG\(k¢Y‘F’\ËÕLÏP
·ó×ì¯Æ£Ã¯!hWfåfJ]LMHn	bÏPH
HiggshWfØSÈüêÃ¯±üéüØShWfhþÖksñD·
ó×ì¯Æ£Ã¯ØS]n	bÏPLþShLWfD  ¹Coulomb
nvoË~c_pKgBLHiggshWfojD·ó×ì¯Æ£Ã¯ØS(c
ºko	P!Cn·ó×ì¯Æ£Ã¯ûÙ¯Èëzn·ó×ì¯Æ£Ã¯FhWfnðL
åfDjDz)þngÊÍ'LØ~ì·ÔgBhWfD
~_X (G,M) KgMHiggshCoulomboBraden-Licata-Proudfoot-Webster
[BLPW14]nsg·ó×ì¯Æ£Ã¯ÌþgBShLUfD·ó×ì¯Æ£Ã¯
Ìþo ·ó×ì¯Æ£Ã¯ØSnÚ¢nkïpj¢ÂLBShY
nghSÏo~`~`v-gHfDjDLjOhHiggshCoulombn!
¹BkvYShksLBÍgBSh:WfD [BLPW14]kJDf
o]nFj ·ó×ì¯Æ£Ã¯ØSnÚ¢nL:UfD_khi~cfD_
LCoulombkûqjËLH_Shkj_`W[BLPW14]gUf
Dïpj¢ÂnÁ§Ã¯oÊn²LgByk[BLPW14]okJDf
dn ·ó×ì¯Æ£Ã¯ØSohk·ó×ì¯Æ£Ã¯jyp¹ãdShLî
UfD_LOnHiggsCoulombkJDfSnîoËWjDngU
YnKhDFSh~g+fYÅLB
2. ijÌo
MÀn¬gCoulombnpfjvksLBShLH_hYL
ÊÀgoijÌokdDfFnãgMÄòg¬fSSkøDfB
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ShãYÅojDWFê«OãW_hocfDjDL!Àg¬Y
©LiSKzU_nKãY_hÊ°_jv
R_ko
ÌokBinB¦nãLÅgBFhcfD
H%P­oSnÀÛpWf­gËjDLñDãB¹oÊÀ
­~_in.k&WfD_`M_Din.o[Nak16]kBR_ngS
ÂgYSh
~_SnÖ¬o[BFN16a]hØkSnÀåoiåjOf­FkøK
fJin.n(WjDSoBO~g­YUn_nngx
o[Nak16]n.hKdQfB_cfD_D
igo®~UhØk !¤ G nãk]nu'³óÑ¯Èè¤Gc 
ÖqFØkMkoGcgÝ_MLecfDnhY
D(Gc,M)kþWfifo3!CnN = 4þð²ü¸Ö So4n
hSnjY!P!Cnzn
nN¢p(é°éó¸¢ó)HÏPWf4n
ÏPÖngB 4nFag;jnoR3
nGc;_P
n¥hMk$d
FjPn­gBUkDOdKnÙ¯Èë_n­4k H³U4oi
koÅgBLSSgoÑjãWKHjDng¬oODZk[if
o¥nò­n®+`é°éó¸¢óøM4nÏPÖH é°é
ó¸¢óLu$ÖFj¥­(h¬eW_4)nconfigurationoÏP
fgDFhSnäxãkþÜWfJú,jþagB Ên¶Ágou$h
4o_` dgojO	Pê1¦c_zkjcfDSoigoznâ
¸åé¤zhp

kðy_Fké°éó¸¢óo¥nò­n®jinhWfH
u$H4onFanDOdKnLHfDngBinLH
fDKgQfznhDFH¹Y]n-nxjnLHiggsMHh
CoulombMCgB HiggsMHoMÀkðy_·ó×ì¯Æ£Ã¯FgB®~U
fko±üéüFgB¥oê¥gpj­`QLMngMnÅ
1`QLcf±üéüFkjSSgo±üéüFn©o©ÒWjDngH
p [Nak92]ÂgWf{WD HpFLwtk!vWfDØSÈüêÃ¯
±üéüØSoHiggsnkjcfD
 ¹Coulombo (T∨c × (R3 ⊗ tc))/W hjT∨c oGcnu'Èüé¹ Tc nÌþg
BtcoTcnêü°gWoï¤ë¤gBMÀkgfM_T ∗T∨/WhXngB
Coulombgo­o0gB(R3 ⊗ tc)oSSgeW_4nKengB
T∨c o¥Ken`Lig‘Ìþ’hgD!P!Cn¥nzg
nFourier	ÛÖ_kÌþÈüé¹T∨c k$hKd¹«éükjcfDSnpÖ
o]n~~pfkn[noãWDhFL§4(i)h5.1gFkpfk³Æj
©KúzWfT ∗T∨/W þYShLgMj\ÌþÈüé¹kjnK¬U
MChMH ,kznâ¸åé¤zoþð²ü¸ÖnÍjÅ1+
gJiko²ü¸ÖãY
gSãYSho'j¹ÆÃ×gB
yk kH_þð'²ü¸ÖLznâ¸åé¤ztargetkYFj
ÏkDDj4³Wfþð'4nÖhN¨Íë®ükJDfI¡kj
(SSgúfOþð'4nÖoÈÝí¸«ë{YhRozansky-Witten	Ï
HngB)
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WKWäxãkþÜYFjé°éó¸¢ón $`QfDfÏPj¹
+`4nÖnI¡'OnoN¦jgB ifo]SgCoulombo
ÏPÜc×Qh;5YYjaCoulombL(T∨c × (R3 ⊗ tc))/WgBnoäx
jðgBcfÏPj¹×Q_BhnCoulombo	ôUh;5Y_`
Wþð'K±üéüØSgBShoÏP¹nBhÝ_ Sn	ôL
±üéüË nX(åkin¦(T∨c × (R3 ⊗ tc))/W	ôYnKFkoóÏLg
MjDLpfj©nhgoMCo(T∨c × (R3 ⊗ tc))/WhÌ	$gBºKk
	ôWfDhÖjOjD
hDFQgifkMCn©oMHhoUcfpfko³ÆhoDHZ
]n~~gopfkÖqFShLgMjDFo1996t11k±óÖêÃ¸nËåüÈ
óv@kÞ(-kWittenn#gfCoulombn¬^D_Lvþa
hWfqFShowOgMjKc_úfO±üéüØSoOåcfDngBc_
ng-nkZchnDfD_LãzYnoãWDhHfD_
°WD@ó_no2014tËk¦©üêÃ¯gHananyn^D_hMgB
HananyoMCn§°C[MC ]nC×\(k¢YH ,jl(âÎÝüë
l)LËYh¬W_SnloGn³¦§¤Èk¢YgH³U
o³¦§¤ÈgwSjgB]WfåfDCoulombnOngâÎ
ÝüëlLºKkËWfDShLºKfD_
]SgâÎÝüëlþYFjzþY_koiFW_DDKk
HfzW_nL[Nak16]gB]nîcHn[BFN16a]gBÁLinFkfL/
¤W_Ko[Nak16]k¬W_ngsB­oÂgUhD`Fyk3!Cn
Mø4nÖLBhîóWffLWfDhSoÊnzUnKLKkjoZ
gBhWfDhSgB
3. pfj©
SnÀåMoGo !¤No]n	P!ChþhYNoâgjOf
O0gBcfD nÀgðy_MoN⊕N∗hWfHLSSKHoMo
jOhhb
oúfSjD
D = SpecC[[z]]formal diskD× = SpecC((z))formal punctured diskhYN((z)),
N[[z]]]^ NK, NO ghYØkGK = G((z)), GO = G[[z]]hY
¢Õ¡¤óû°é¹ÞóGrGoâ¸åé¤z{
(P, ϕ)
∣∣∣∣∣PoD
n(ãpj)G-;_ϕ : P|D× → G×D×oPnD×
gnê
}/
isom.
hWf©UqØSnôuPhWfnind-schemenË dShLå
fDÆÖkoGrG = GK/GO hhUYjaPnD
gnêhc
fϕGKnCghW nênambiguitynnGOgrcfGK/GOhj
UkSkhþNkØW_Ù¯Èë_P ×G Nn­sØQ H_	dD(P, ϕ, s)n
â¸åé¤zTghYÆÖkoGK ×GO NOgBsnU-gbShk
cfToqØS
nÙ¯Èë_nuPnôuPkj ågoT]nè
ØSnÛâí¸ü¤ÖqFL³Æko	P!CnznÛâí¸ü¤nuPhW
fÖq
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TnèØSRhWfϕ(s)LD~g8shDFaö²Wfzh
©Y
R = {(P, ϕ, s) | ϕ(s) ∈ NO}/isom.
ϕoD×
nêgWKjDKϕ(s)o ,ko¹kud	­gBcf
]nypèL0gBhDFaö²W_nLRgBÆÖko R = {[g, s] ∈
GK ×GO N | gs ∈ NO} hðgM
SnzRL;{4ºigB]nso'Mjz
{(P1, ϕ1, s1,P2, ϕ2, s2) ∈ T × T | ϕ1(s1) = ϕ2(s2)}/isom.
HhKYD`FSoD
nG;_hD×
nêJsNkØW_
Ù¯Èë_n­nDLdBcf­LD×
gêXfIWDhDFÕ¡¤Ðü
MT ×NK TkÖjjD(P2, ϕ2)LGrGn¹Yjaϕ2LD
nêk8sfD
nkjcfDnLRkÖjjD kRxnGOn\((DfGK ×GO RH
hSL
gúfM_zT ×NK TkÖjjD
²ü¸Öj¹goT ×NK To!Czn
kB¥h­nDL
¹n~grmfDØPBYzgB(P1, ϕ1, s1)LrmM
g(P2, ϕ2, s2)LrmgB¹grm`Qjng¹ngo ôW
fD,eo3!Cn²ü¸ÖgBLB¹nÕMoZkMndn¬`
QÖcfÔyfDng2!CnðkjcfD
zW!kRnGO-	Borel-MooreÛâí¸ü¤HGO∗ (R)H³ÆkoTn
¹kJQÕ¡¤Ðünú,^L!p0kjFk!pF~O©YÅLBL
Sn¹ns0oeY~_Gp!nÛâí¸üLHfDShH∗G(pt)
ê1j ¤k
jcfDShjio¢Õ¡¤óû°é¹ÞóØSnSchubertÞSrHh_`ak
F
HGO∗ (R)koM
∗ : HGO∗ (R)⊗HGO∗ (R)→ HGO∗ (R)
L©UsWD©oSjngSSgoeY	Ûâí¸ü¤ninduction
HGK∗ (T ×NK T ) ∼= HGO∗ (R)L	P!CnznhMhØkËcfDhîók
HfUkTo^ypgBhYh8nMn©L(i, j)xnq
T ×NK T ×NK T
pij−→ T ×NK T (i, j) = (1, 2), (2, 3), (1, 3)
(Df
c ∗ c′ = p13∗(p∗12c ∩ p∗23c′)
h©UHGK∗ (T ×NK T ) L©UKiFKogBTo^ypgjDng
Sn~~n©LF~OgMfDnKiFKoKjDLkoHGO∗ (R)n
k
M∗L©U
SnhM!LËY
 3.1. (HGO∗ (R), ∗) oïÛ°gB
Mg°ËYKÕo~UfhþÖgOfJï¤ë¤n¤°
LSteinbergØSK\ShKac-Moody Lie°nnMU°LØSkJQ
SteinbergØSn^<iK\ShjiLåfDSngo
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no^ïÛ°gBMn ,ÖKo∗LïÛkj1ojO
noÊn¶
Ány'hWfD
_`W~UfPfþÜDwS[pïÛ'opgojD~UfPf
þÜgo¢Õ¡¤óû°é¹ÞóGrG
nGO-	jOHdnjY¢üÙëH]n

kMkcfÆó½ënË eWSLGnLanglandsÌþn	P!Ch
þnhSnjYÆó½ëh$gBSh;5YnÆó½ëoïÛYj
a V ⊗W ∼= W ⊗ V gBngM]FgBSn~Ufk¬Yn
LBeilinson-Drinfeldk¢Õ¡¤óû°é¹Þón1-Ñéáü¿	bgBScf

nL<U(Ögokô¥<HfD)
Uf(HGO∗ (R), ∗)oïÛ°kjc_ng]n¹Ú¯ÈéàhWf¢Õ¡¤óØSe
YShLgMSLCoulombnpfj©gB
MC = Spec(HGO∗ (R), ∗)
Uk(HGO∗ (R), ∗)L	PgBShtgBSh<gMngMCoâj
¢Õ¡¤óØSgB~_cgBSh:UfD
	bÏPo!nFkWfHformal disk DkC×Lloop rotationz 7→ tzk
\(YSn\(oÊ~gcfM_Øjzxn\(MwSYykGOk
\(WfJôMGO o C×HShLgMRkGO o C×L\(Y]Sg	Borel-
MooreÛâí¸ü¤HGOoC
×
(R)HMXFkeYSFWfÏPU
_Coulomb
A~ = (HGOoC×(R), ∗)
h©Y
jJ¢Õ¡¤óû°é¹ÞóØS]n^<nMHnoåMK[VV10,
BFM05, BF08]gHfJMn©³ÆkøMYko]ÂkW
_[VV10]go¢Õ¡¤óû°é¹Þónãk¢Õ¡¤ó×ØS	Ûâí¸ü¤n
ãk	K¤L(DfDLN = gn4qcfDhcfDúfOãp
oCheredniknÍ¢Õ¡¤óûØÃ±ãp(DAHA)gBCoulombnFk¢Õ¡¤óû
°é¹ÞóØSkYp]nspherical partkj	Ûâí¸ü¤kjpUHn
ãk	Ò¢pHnDAHAkjþÜYCoulombot× T∨/WgBÏPÜcLj
DhDFShkj
[BFM05, BF08]goN = 0n4ÖqcfDúfOnoGnLanglandsÌþ
n80<PgBLs0oeY
4. 
MÀnËo!P!CznÛâí¸üFngZDvhÞOiDËkH
KWjDng!XjBRF
4(i). G = C×hWN = 0 hYSo jêjgBN = 0jngRo¢Õ¡¤
óû°é¹ÞóGrGkÖjZ~_G = C×jngGrGoD
nôÚ_h]nD×
gnê
nâ¸åé¤zkÖjjDreduced schemeÖhGrGotpZgÑéáÈé¤ºU
_âcjzkjϕ(z) = zn (n ∈ Z)LþÜY¹BYcf
HGO∗ (R) =
⊕
n
HC
×
∗ (pt)
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hjHC
×
∗ (pt)o 	pn°C[w]gBSLtpnn
kWcfDn
gmn
nhnn
nQhiFjKMn©k;cfY
Mn©¬WjKc_ngÁ§Ã¯YShogMjDLG = C×n4ko
Æó½ëMÖÏ
GrC× ×GrC× ⊗−→ GrC×
LBSLÛâí¸ü¤kMwSYpushforwardÖL∗kÖjjDYhmn

nf(w)hnn
ng(w)Q_nom + nn
nf(w)g(w)kjYjan = 1 n

n1(ú,^kþÜY)xgBYh
HGO∗ (R) ∼= C[w, x±] = C[C× C×]
hjW_LcfÊnpBDnCoulomboC × C×gBSoR3 × S1gBKS
n4nCoulomboÏPÜc×QjDShsWfJ²ü¸ÖLêjShn
Í gB
F i¾Æk_kGoÈüé¹Tghþoo0gBhYGrToâcj
zgHom(C×, T )gÑéáÈé¤ºUfDcfHTO∗ (R) =
⊕
λ∈Hom(C×,T )H
∗
T (pt)g
BH∗T (pt)oTnLie°t
n°C[t]gB ¹λkþÜYCeλhøOh
h
Økeλ ∗ eµ = eλ+µ hjSoTnÌþ T∨ n (Hom(T∨,C×) = Hom(C×, T )) h
jYShLgMKCoulombot× T∨ = T ∗T∨gB
4(ii). !kGoC×n~~g, hþN = C hhþkÖF GrC×o
g¬W_F
kZgÑéáÈé¤ºUâcjzgBRotpnn
kÙ¯ÈëzLWcfD
ngBaöoϕ(z) = znkcf¹kyp¹LXjDhDFngBK
R =
⊔
n∈Z
znC[z] ∩ C[z] =
⊔
n∈Z
zmax(0,n)C[z]
gBtpn
kWcfDnoÙ¯ÈëzgBThomkHGO(R) ∼=⊕
nH
C×
∗ (pt)hjYjaÙ¯ÈëzhWfo
nhXgBWKWMo

nhon > 0n
nÛâí¸ü^hn < 0n
nÛâí¸ü^nML	cfO©
eW_ng nÝ¤óÈ`QDFhn = 1nú,^hn = −1nú,^Q_nL
zC[z]→ C[z]
n¼WúWÏkú,^nÏkjSoY!C1nèzgBK	Û
âí¸ü¤nChWfowú,^kQ_nkjW_Lcfn = 1nú,^x,
n = −1nú,^yhYhxy = wLËdSnK
HGO∗ (R) ∼= C[w, x, y]/(w = xy) ∼= C[x, y] = C[C2]
LFcfÊn4nCoulomboC2gB
hþ¦§¤ÈLNn !ChþkÖÿHh nènLz|N |C[z] →
C[z]npushforwardknMÛ§°oC[w, x, y]/(w|N | = xy)hjSoA|N |−1
nXyp¹kÖjjD
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5. DOdKnË 
SnÀgoCoulombMCLdË kdDfã¬YDZikozU
fD_LSL§3n©nhgpfk³ÆkþUShLÝ¤óÈgB
5(i). HGO∗ (R)oÛâí¸ün!pnJk!pØQ_°kjd~C[MC ] =⊕
dC[MC ]d hãWC[MC ]d ·C[MC ]d′ ⊂ C[MC ]d+d′hjSoMCkC×n\(L
HfDShsYC[MC ]doC×L¦§¤Èdg\(Y¦§¤ÈzgB

ngoC × C×hC2 = C × Cn]^, xnj\(kjcfD
(cºkooxL¦§¤È1gyL¦§¤È0gB)
jJ!pn©D_ng¬L³WfDL!po^ hoPZ ,
koYyfntpn$ÖFcfMCo ,kogBhoPjDSS
gMCLgBhoC[MC ]d = 0 (d < 0), C[MC ]0 = CLËdhMDF
ikoSnC×\(oSU(2)\(nS1xn6PKenkBîcnBh 
ôYhUfDîckdDfo¬WjDL!kðyMCxnÏßëÈË¢
ójÈüé¹\(iSkD[ngBykGLJXnhMkoîcoÅ
jDSU(2)\(o±üéüË I, J , KLjY!Cb S2 = {aI + bJ + cK |
a2 + b2 + c2 = 1} kSU(2)→ SO(3)Xfk\(Yng dn Ë Iú
YhIÝdS1n\(WKHjDþ(nhS±üéüË n©oHf
DjDngSU(2)n\(pfkHShogMfDjDL6PnS1`QLHfD


ngoC× C× = R3 × S1hWfR3su(2)hpºKkSU(2)n\(LB¦§
¤ÈoJkjcfDC2n4ox, yL]^¦§¤È−1/2, 1/2nÏßëÈË¢ó
jS1\(h[f¦§¤ÈLqk1/2n\(kô[po¦§¤ÈLJkjcfD
ShdMC2ÛCpSHh_SU(2) = Sp(1)n\(k ôY( ÚbgjDn
gSU(2)nC2xnjhþhopjÛCpnóQhæQnUDLB)
5(ii). HGO∗ (R)o	Ûâí¸ü¤gBKH∗GO(pt) ∼= H∗G(pt)Knd(_
`WH∗G(pt)
nãpgojOM c ∗ c′o,c′k¢Wfoê6koH∗G(pt)-Úb
kojZ	bÏPW_nkdDfoºKkÚbgjD)
Sn¹Ú¯ÈéàÖh
$ : MC → SpecH∗G(pt)
OåfDFk
H∗G(pt) = C[LieG]G = C[t]W
gBKSpecH∗G(pt) = t/WgBSo¢Õ¡¤ózgBSSgt = LieTgB

SnËo	bÏPW_Bh
HG×C
×
∗ (pt)→ A~ = HGOoC
×
(R)
hDFXj°LBSo	bÏPL'MjïÛ°+gDSh
sWfJSn ~ = 0HShk$oÝ¢½óïÛgBShOYj
aLieT/W
n¢p f , g  $gM;W_noPoissonïÛgB{$∗f,$∗g} = 0.
Uk!LËY
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 5.1. $ngenericjÕ¡¤ÐüoT∨gB7O!nïÛóLB
n*âp
oÌ	ÏgB
MC //
$ ""
T ∗T∨/W = t× T∨/W
, qvv
t/W
So	Ûâí¸ü¤n@@n0PgB@@oH∗T (pt)nFS
FhYhM
HTO∗ (R)⊗H∗T (pt) F ∼= HTO∗ (RT )⊗H∗T (pt) F
LËdhDF;5gBSSgRToRnT -ú¹nÆgBÏo+
ÏRT ↪→ RnpushforwardgBShHGO∗ (R)oHTO∗ (R)nW -	èg
BhDFD[hRTn	Ûâí¸ü¤zYpoDShkj
LRTLGrT ×NTgBShh§4(i)nKt× T∨gBShLK
Í\⊗H∗T (pt)Fot/Wngeneric pointk6PYShgB	Ûâí¸ü¤HS
hLt/W
nÏHhDF~UfjÏÏkþÜWfDhDFOå_òfn	
¹'BYxjpÖgB
å
g$oÝ¢½ó¤ÛWfDfÕ¡¤ÐüLãpÈüé¹gBShK$oLiovillen
sgïMûgB	bÏPA~o]nÏPgB
5(iii). ¢Õ¡¤óû°é¹Þó GrGoMøkoú¹ØMëü×¤ ΩGgBShLå
fJyk]n#PoGnú,¤ pi1(G)k ôYÛâí¸ü¤o#PkÜX
fãYLSoMhcompatiblegBYjaγ ∈ pi1(G)kþÜYRn#P
RγhøOhMHGO∗ (Rγ) ∗HGO∗ (Rγ′) ⊂ HGO∗ (Rγ+γ′)hj(pi1(G)LïÛgBSho
OåfD) cf HGO∗ (R)opi1(G)g!pØQ_°gB
S MC = SpecHGO∗ (R)tgHhpi1(G)nÝóÈêãü®óÌþHom(pi1(G),
C×)LMCk\(YShkj_hHp
ngopi1(G) = pi1(C×) = ZgBÝóÈ
êãü®óÌþoC×gBC×\(o ngoC× C×n,xnê6j\(g
Bjînn4oxL¦§¤È1gyL¦§¤È−1gB
Sn\(o	bÏP HGOoC
×
∗ (R)kê6k8sfDShK·ó×ì¯Æ£Ã¯b
ÝcfDShF
GLJXnhMkopi1(G)o	P¤g]nÝóÈêãü®óÌþ	P¤kjcfW
~FLÈüé¹LþnoHom(G,C×)LêgjD4gBSnhMKÕÏÏ
o$kLieG→ LieC×W_ngHyk\(oÏßëÈË¢ógB
5(iv). NLGcè¤hWf+'Mj¤G˜nhþn6PhWfþfD4
HigoF¤ G˜/GoÕìüÐüþð'n¤hpSGFghY
G˜OoRk\(Yng'Mj¤n	Ûâí¸üHG˜O∗ (R)HShLgMM
kH∗GF (pt)
nãpkjþÜY¹Ú¯ÈéàoSpecH
∗
GF
(pt) = C[LieGF ]GF
n
ØSnÏkj¹nÕ¡¤ÐüLCnMCgBYjaMCoLieGF/GFgÑéá
Èé¤ºU_	bd
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~_¬oeYL	bkþÜYFjMCnèyp¹ã(nÜ)ËY
ShgM
SnÀhMÀgoHom(G,C×)hGFLMCkOË ¿y_LHiggsMHkO'
êHSho	(gB~ZGFgBLMH = M//GgBKGFoMFk\(
Y  ¹gHom(G,C×)LBhþÜYζ ∈ Hom(LieG,LieC×)HfKÕÏÏ
nìÙëÆµ = 0Kµ = ζk	bYShLgMYjaHom(G,C×)hGFLMCh
MHkYË o]^¤\(h	bgBL!oMChMHgeÿcf
D
5(v). MÀhMÀnË nhWfÈüêÃ¯±üéüØSHS ko
Èüé¹nh
1→ T = (C×)d−n → T˜ = (C×)d → TF = (C×)n → 1
LH_hYT˜njhþN = CdÖ]nTxn6PNghYU
fMC(T˜ ,N)o §4(ii)nC2dhjMÀnËkpi1(T˜ )nÝóÈêãü®
óÌþLC2dk\(YLSoT˜nÌþÈüé¹T˜∨kÖjjDTFnÌþÈüé¹
oT∨Fo]nèÈüé¹gBMÀnËFW2h Tk¢YCoulomb
MC(T,N)oC2dnT∨Fk¢Y·ó×ì¯Æ£Ã¯F C2d//T∨FkÖjjDSoÌþÈü
é¹nh
1→ T∨F → T˜∨ → T∨ → 1
HfT˜∨nhþM = Cd ⊕ (Cd)∗k¢YHiggshDFShgMYjaThT∨F
eÿHShkcfHiggshCoulombLeÿcfD
6. ²ü¸Ö
þ(nhSHiggsLØSkjFj(G,N)kþÜYCoulombkdDfL 
jO¿yfDQ hWQ0]n¹nÆQ1MnØQ_ºnÆh
Yh ∈ Q1kþW]nË¹hB¹o(h), i(h)ghYdnQ0g!pØQ_Ù¯È
ëz V =
⊕
Vi, W =
⊕
WiLH_hM
G =
∏
i∈Q0
GL(Vi),
N =
⊕
h∈Q1
Hom(Vo(h), Vi(h))⊕
⊕
i∈Q0
Hom(Wi, Vi)
L²ü¸ÖgB_`WGnNxn\(oê6jngB
QLADEn4koMCo¹kyp¹c_R3n
nâÎÝüënâ¸åé¤
zkjhikoßUfD_LSnznãp~UjþÜiLHnp
fj©nhg:UfD([BFN16b]) SSgâÎÝüënË ¤oQkþÜY
(adjointn) Xêü¤GQgBVn!CoâÎÝüën!pkþÜWWn!
Coyp¹nÅ1H ãp~UjþÜio ,n4oðo!Xgoj
DLµ =
∑
dimWi$i − dimViαiL/MjhMkoGQn¢Õ¡¤óû°é¹Þó
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Hλ =
∑
dimWi$ihµkþÜYSchubertØSGr
λ
GQ
, Gr
µ
GQ
ÖcfGr
µ
GQ
n*­G
hGr
λ
GQ
n¤LMCgB
~UfPùþÜkcf¢Õ¡¤óû°é¹Þóo GQnéó°éóºÌþnhþÖhP
sdDfD_L ¹gØSnÛâí¸ü¤koGQnhþnË LecfD_Ë
kðy_·ó×ì¯Æ£Ã¯Ìþ'oSndnËL‘Ìþ’kcfPsdDfDSh
;5YFkU(yMgB)
SnPn<n_koMCzY!nFjæ¹(D
(1) ~ZMCnÜkjz\SoOn4oifnTH¡(Y

(2) !k]nÜnzk$kþÜYhUïMû\
(3) ]nïMûLsfjÏgBShMCLcgBShÁ§Ã¯Y
(4) MCh]nÜnn T ∗T∨/WX_Ì	ÏLt/WnY!C2nÆdD
fá5YShÁ§Ã¯Y
 nY!C2nÆdQpAgBhSoc'n0PgB 	Ûâí
¸ün@@nÜ(ggenerickoT ∗T∨gBSh¬W_LY!C1nhS
ØnpÖgp1n¤nCoulombzYOLk0@gMp1n4
oCoulomboC3nòbhWfþgMShL:UfJzUfDW_Lc
f(4)oWD¹ÆÃ×gBþ¶go(3):YèL±ü¹Ð¤±ü¹gLfD
f­üÝ¤óÈkjcfD
¢Õ¡¤óADEn4o	PnâÎÝüënãk¤ó¹¿óÈóHp
D_`WR4
n¤ó¹¿óÈógojOTaub-NUTz
n¤ó¹¿óÈókYnL
cºjng®jOLLByk
gDFhSnµL/Mj4oR4
gTaub-
NUTz
g ·ó×ì¯Æ£Ã¯ØShWfo	jDhUfD
¤ó¹¿óÈónâ¸åé¤zkdDfo(3)n'êL<UfDjDngþ(nh
SCoulombnz~goócfDjD
(3)o®j'êgBHpyMöÌSoAnhMo8kcgBL ,ko
]FgjD ¹Coulombo8kcgBäxnyMöÌS]nSlodowy*­
GoHiggshWfþShLåfDngþÜYCoulomb]FjcfDh
ôkoHLc'nOLK]F]FXgojU]FgBHananyoc
ÖpDhHfDFgBL~`~`Aj9àLBhoDHjDngo
jD`FK
¢Õ¡¤óAnhMko¤ó¹¿óÈónâ¸åé¤zô¥ÖqFãkCherkisn
­ØS(bow varietyn3)(D­ØSoNahm¹hp^Úb8
®¹nã(DfBUfDng]n~~goÖqDkODL[NT16]k
ØSn	.hWføMôW(3)n'ê<W_W_Lcf¢Õ¡¤óAn²ü¸
ÖnCoulombozU_
7. ÏPU_Coulomb
ÏPU_CoulombA~kdDfoØSnzkÔyhKcfDoj
D
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Mk4hþN = gnhMkspherical DAHALúfOSh ÊW_LG = GL(k)n
hMo¸çëÀókþÜY²ü¸ÖgV = Ck, W = 0n4gBhF
ShLgMS ,WfV = Ck, W = Crh	HhA~owreathMZ/rZ o Sk =
(Z/rZ)k o Skn	Cherednikãpnspherical partkj[KN16] þÜYCoulomb
oSymk C2/(Z/rZ)gB
	PADEn²ü¸Ön4o[BFN16b]nAppendixkJDfA~Lshited Yan-
gianhWfgBShL:U__`WMÀg ÊW_µL/MhDFaöîW
_g<UfJ ,n4o*ãzgB
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